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Morphology of a solidifying interface near a spherical particle: Disjoining pressure effects
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Numerical simulations were conducted to determine the morphology of a solid-liquid interface near an
insoluble spherical particle. The model accounts for the undercoolings due to the front’s curvature and to the
nonretarded van der Waals interactions. Our numerical results show that, in the near-contact region, the
interface profile develops a sharp peak whose curvature has a logarithmic singularity. This is in agreement with
the asymptotic analysis of a previously published equation for the interface profile.
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[. INTRODUCTION Assume that the coefficients of thermal conductivity of the
particle and the melt are equal. Then the thermal field is
In this paper we focus on the analysis of the shape of agiven by
advancing solid-liquid interface as it approaches a neutrally
buoyant particle. The analysis pertains to the case of a solid T(r,z2)=Ty+Gz (2

front whose deformations are induced solely by its interac- . . _ )
tion with the particle. Our interest in this problem has beenVhereTm is the melting point of the pure substance &hds

largely motivated by applications in the fabrication of par- € externally imposed thermal gradient. Under the assump-
ticulate metal matrix compositd4,2]. For a general review ton that only ,the undercoolings due to the disjoining pres-
of the problem, we refer the reader to R4-5]. It is well ~ SU'® and front’s curvature are accounteq for_, the equilibrium
known that the presence of a foreign particle near a solidtemperature of the solid-liquid interface is given 8}
liquid interface modifies locally the melting point of the sub- _
stance. The change in the melting point is due to several Tine=Tm T AToun ATep, ®)
factors, such as the difference in thermal conductivities of e AT
the particle and melt, the disjoining pressure and the hydroGibbs—Th
dynamic pressure that arise in the melt film separating the
interface from the particle’s surface. The quantification of the oo Tm
front's deformation in terms of the material and processing AToun=— 3 , (4)
properties is essential to the understanding of the interaction
of inclusions in the melt with a solidifying interface. The
dependence of the interface morphology on the physical an
processing parameters has not been fully resolved and its
determination remains an intensive area of research. AT,
Two lines of inquiry are considered heke: the numerical AT"F’:W'
investigation of the morphology of the interface near a for-
eign particle when the undercooling due to the disjoining
pressure is the sole cause of interfacial distorti@n,com-
parison of the numerics with the predictions of a previousl|
published asymptotic analysis of the same probJéin

curv 1S the curvature undercooling given by the
omson formul7],

ndATy, is the undercooling due to the disjoining pressure,
ap="A/67g%, and given by[3,8],

©)

Equation(5) is also referred to as a Derjaguin approximation
9]. The symbols that appear in the above equations are de-
fined as follows:og, is the surface excess free energy in
solid-liquid interface,L is the latent heat of fusion per unit

Il. NUMERICAL ANALYSIS OF THE INTERFACE Liquid phase z
PROFILE
. . . . . . Particle
Consider a spherical particle of radiaghat is placed in e

the melt a distanch,, from the planar solid-liquid interface
as illustrated in the schematic diagram shown in Fig. 1.

On using an axisymmetric setup with the vertical coordi- e 9o
natez and radial coordinate, taken along the solid-liquid
(S/L) interface, the particle-liquid boundary is given by S/L interface r

[z—(a+h.)]>+r?=a% (1) FIG. 1. Sketch of a particle of radius near a deformed/L
interface,gy is the gap thickness at the origin=0 andh,, is the
distance between the lowest point on the particle’s surface and the

*Email address: lhadji@bama.ua.edu undisturbed plana®/L interface.
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04 0.06, where the unit step function(a—r) is used to model the
- 004 \_/ fact that the disjoining pressure acts only in the melt film
E 02 Particle § Particle between the particle and the crystal. The above equations are
E £ 002 complemented by the following condition$) the symmetry
g9 : g conditionv(0)=0 and (ii) far away from the particle, the
SiL interface SIL intertace interface is not affected by the particle’s presence and so it
02— —— 5 00252 01 0 01 02 remains planar, i.eh(r)—0 asr—«. Therefore, the deter-
os Radius (microns) 008 Radius (microns) mination of the interface profile requires solving the bound-
’ ary value problen{8). We have undertaken the solution of
) 5 0.04 Eqg. (8) as an initial value problem by making use of an
€02 g o .
E’ g 0.02 assumed value.f'or the profile’s locationrat 0 and of the
g - | = | symmetry conditionv(0)=0; the correct value foh(0),
= £ 0 within discretization error, is the one that causgs) to
02 002 vani.sh far away from the particléaken hgre to mean five
~Radivs micronsy 02 ihs ticsons 2 particle diameteps We circumvent evaluating E@8) at the
0.4 0.0 origin by the following procedure: at the origin=0, we
R \\/ have dv/dr=— A/6mog [h.—h(0)]® sincev(0)=0. On
go.z éo.o4—/\ using a forward difference formula falv/dr, we obtain the
‘g §002 value ofv to the right of zero asy(8)=— 5A/6wog [h.
é 0 s —h(0)]® where we have sef=10 15 Forr> 45, Egs.(8)
are solved using the Matlab numerical routine ODE45.
-02—— 5 5 002 T o o7 02 We consider the numerical solution of E®) for an ex-
Radius (microns) Radius (microns) perimental system consisting of the transparent organic ma-

FIG. 2. Plot ofh(r) for the caseA>0 for three values of the terial Succinonitrile immer_sed with Polystyrene particles
gap separatiog,= 380 (top se}, 50 (middle sef, and 20 A(bottom (SCN-PS. We have obtained the numerical values of
sed. The figure on the left side depicts the positions of the particlethe constants from Ref[2]. They are T,=328 K,
and interface over a horizontal extent of five particle diameterd-=4.6x 10" J/n?, o =0.03 J/ni. As for the Hamaker
while the corresponding figures on the right side are magnificationsonstant, we have arbitrarily used=+10"°J. This nu-
of the near-contact region. merical value ofA is typical for liquid films for which the

disjoining pressure results from the nonretarded van der
volume, A is the Hamaker constant whose sign is positivewaals interactions. We have investigated the change in the
when Py, increases as the gap thicknegs) grows small.  morphology of the solid-liquid interface as it approaches the
The width of thg gap separating the particle from the |°Werparticle. Figure 2 depicts the profilégr) for a particle ra-
half of the particle is given by(r)=[h..+a— via®=r? gius a=1 um and for three distinct values of the gap sepa-
—h(r)] wh.ere.h(r) is the mterfaq_a profile. The front’s cur- ration, go=h..—h(0). A shooting strategy is used to deter-
vature, which is taken to be positive when the center of Curi,ine the initial valueh(0) that makes the profile vanish at a
vature lies in the solid phase, is given by distance 18 from the origin whileh,, is chosen arbitrarily
h"(r) h'(r) and represents the dis'Fance from the planar interface to the
- 1+ (N7 [+ (h)) 22 (6) lowest point on the particle’s surface; the parambtequan-
tifies the position of the particle with respect to the interface.
The interface temperature is obtained upon evaluating Eqlhe values oh(0) andh.. used in these runs are 20 and 400
(2) atz=0, and on using Eq3), a differential equation for A for the top plots, 70 and 120 A for the middle plots, and
the interface curvature is obtained, namely, 320 and 340 A for the bottom plots. These correspond to gap
thicknesses 380, 50, and 20 A, respectively. Notice the dra-
@) matic change in the interface shape as the gap separation is
decreased. The bottom plot, which depicts an ultrathin gap
_ i ) ) _ separation, shows an interface that has acquired a cusplike
The following system of two first order differential equations shape while the amount of interfacial distortion is about 300
for the interface profile results upon equating E(®.and A The ratio of the amount of interface distortion to the par-
(), ticle’s radius is about 0.03. These runs reveal an important
dh piece of information, namely, the very near proximity of the
—=u(r), particle to the crystal is associated with the formation of a
dr bump whose curvature is very large. The cause for the large
curvature can be traced back to Eg). that depicts a balance

A u(a-r) between the disjoining pressuRy, and the pressure change
6mog. 9(r) | due to the Gibbs-Thomson effe@®gr= o5 K. Equation(7)

(8)  implies that the shape of the solid-liquid interface is deter-

’C:

g 3(r).

6oy

d
—U=(l+vz)3’2[—;(l+v2)1’2—

dr

022201-2



BRIEF REPORTS PHYSICAL REVIEW E 65 022201
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E, £ 0.02 & E-_
—_— — = o0_
g0 / £ o 220 S interface 0.4
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0.4 0.05
_ N FIG. 4. (left) Plot of the asymptotic profile represented by Eq.
€02 g o (9) in nanometers(nm) for a polystyrene particle of radiua
g g =1.0um immersed in SCN(right) plot of the slope of the inter-
— 0 =005 face profileh(r) in the near-contact region for a particle radas
£ £ =1.0um and.4A=10"° J (continuous lingand the scaled slope of

02 y the asymptotic interface profilgdashed-dotted line with €

- s 0. 5 ™ -02-01 0 01 02 =1078.

Radius (microns) Radius (microns}

0.4 0
02 =01 radius andh* is the dimensional thickness of the particle-
g o g-o.z crystal gap. A small perturbation parameter is introduced by
£ £-03 settingh=¢eH where H=0(1). The analysis assumes the
3'0-2 =04 following: (i) the fluid flow motion induced by the particle’s
04 o5 movement is small enough to warrant the neglect of the in-

s 5 S ; R B Y ertia terms in the equations of momentum conservation,
“Radius (microns) " " Radius (microns) the interface equilibrium temperature accounts for the under-

cooling terms due to front curvature and disjoining pressure,
FIG. 3. Plot ofh(r) for the cased<0 for three values of the jji) the density changes due to changes in temperature are
gap separatiogo="77 (top sel, 47 (middle sef, and 44.6 A(bot- ignored so that the buoyancy term is absent in the momen-
tom sej. The figure on the left side depicts the positions of thetum equations(iv) the particle is assumed spherical and neu-

particle and interface over a horizontal extent of five particle d'am'trally buoyant, andv) the particle’s thermal conductivity is

eters while the corresponding f.'gures on the right side are ma‘gn'f'éet equal to that of the melt so that no interfacial distortions
cations of the near-contact region. -
are caused by thermal effects. The model can easily be ex-

mined by a competition between the disjoining pressure thagnded to include the effects of the hydrodynamic pressure in
e melt film that separates the particle from the front. In the

acts to increase the front’s curvature and the Gibbs-Thomso . .
effect that acts to decrease it. case presented here, the fluid flow has no influence on the

Figure 3 is an illustration of the particle-crystal interactionfrof‘l_tk,]S rfn(IJIrphlology.'f | lid ion for the interf
for a negative Hamaker constant. Three distinct valueh for € following uniformly valid expression for the interface

are considered, namely10 A for the top plots—540 A for profile is obtained:
the middle plots, and-5142.4 A for the bottom plots. These
values correspond to the following calculated values of the

3 ®
initial value h(0), —87, —587, and—5187 A, respectively, ()= Z—B[M[r/\/ml’ﬂj —fKO(g)zdi
and the resulting gap thicknessgsare 77, 47, and 44.6 A, h°G r2yn P21+ y€%)
respectively. Attempts at solving E¢B) for a value ofh., T £l o(£)dé
and corresponding value b{0) for which the gap thickness —Ko(r/\2yh) _z_go , (9)
go is below 44.6 A were unsuccessful. The numerical routine o (1+v&)

is unable to meet the integration tolerances without reducing

the step size below the smallest value allowed by the ma- ) ) ) )
chine. Thus we are unable to confirm the formation of aVhereG is the scaled thermal gradierg,is a grouping rep-

sharp peak in the front's profile in this case. The simulation"®Senting the effect of the disjoining pressuyés a grouping

runs with macroscopic particles yield patterns similar to€Presenting the surface energy temis the radius, andl
those depicted in Figs. 2 and 3. andK, denote the modified Bessel functions of order zero of

the first and second kind, respectively. The precise defini-
tions of these dimensionless symb¢éee Ref[6]) are: 8
=Al(67Lad), y=0g, Tme/(2a2LGhy); € is the perturbation

An asymptotic analysis of the interface profile near a parparameter and is of the same order of magnitude as the di-
ticle was undertaken by Hadj6]. He considered a coupled mensionless gap separatitn The plot of the asymptotic
model of fluid flow and heat transfer that also accounts foiprofile represented by Eq9) is shown in Fig. 4 for param-
heat flow in the particle and for the occurrence of interfacialeter values corresponding to an SCN-PS experimental sys-
deformations. The particle is assumed to be in near-contatém [2]. Note that the front's profile resembles the peak
with the front, namelyjh=h*/a<1, wherea is the particle’s  shown in Fig. 2.

IIl. COMPARISON WITH THEORY
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To obtain the asymptotic behavior of the interface profileThe first integral term in Eq(13) satisfies
near the origin, it is convenient to lgt=r/2yh and rewrite

Eq. (9) as
EKo(£)dE xEKo(£)dé EKo(§)
0= hsG[ o |y to | (1 o< |, Tyt
§|o(§)d§
Kolx )J (10 The presence of the logarithmic term in the expression for

Z(r) implies a logarithmic singularity in the curvature of the
We let¢=xy in the second and third integral terms and onjnterface profile. In order to compare the predictions of the
using the facts thaKo(xy)~—In(xy) andlo(xy)~1 asx  asymptotic analysis with the numerical results, we have plot-
—0 given that 6=y<1, we have ted in Fig. 4 the(numerica) slope,dh/dr=u(r), for param-
,3 = EKo(£)dE  , (Ly(2Inx+Iny)dy eter values that yield a peak in the interface profile similar to
— 53 that shown in Fig. 2, for a particle radias=1.0 um and the
o (1+¥£€9) o (1+yx%y9) : -
1) slope of the asymptotic profilgeq. (10)]. The fact that both
( curves exhibit a sharp corner at the origin is an indication of

We make use of the fact that 1/{lyx2y?)3~(1—3yx%y?)  the presence of a singularity in the front's curvaturer at
given thatx<1 and 0<y=1 in the second integral. With =0. The asymptotic analysis predicts that the singularity is
h=eH, the evaluation of the resulting expressions yields, logarithmic. The experimental testing of the theoretical pre-
dictions put forth in this paper will require careful experi-
(0~ i “ EKo(£)dé

{(x)~

2 Inx ments in a microgravity environment to eliminate the possi-
(1+y&%)3 bility of buoyancy-induced flows and gravitational settling of
the particle. These effects will normally obscure the obser-

2 . . . .
x 3 vation of the phenomena predicted in this paper. We are
— —— = yX"Inx+ as X . . . . p
4 2 aware of one microgravity experiment dealing specifically
with the interaction of particles with an advancing solid-
—0. (12

liquid interface that was performed recently on the space
shuttle Columbia[10]. Unfortunately, the findings are of

little relevance to this study given that hardware constraints
did not allow for a clear view of the particles near the crys-

= EKo(£)dE tallization front[11].
fo (1+y8)°

Upon reverting to the original unscaled variables, Ed)
takes the following form foh(<1) fixed,

(el
g(z,yh)1/2 H3G
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